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Abstract
We consider linear representations of a finite group G on a finite dimensional vector
space over a fieldF in which |G| is invertible. By a theorem due to E. Noether in char 0, and
to Fleischmann and Fogarty in general, the ring of invariants is generated by homogeneous
elements of degree at most |G|. Schmid, Domokos, and Hegedu˝s sharpened Noether’s
bound when G is not cyclic and char F = 0. We prove that the sharpened bound holds over
general fields: If G is not cyclic and |G| is invertible in F , then the ring of invariants is
generated by elements of degree at most 34 · |G| if |G| is even, and at most 58 · |G| if |G| is
odd.
 2002 Elsevier Science (USA). All rights reserved.
Introduction
In this paper V denotes a finite dimensional vector space over a field F , on
which a finite group G acts from the right.
The action of G on V extends to an action on the symmetric algebra SF (V ),
denoted S(V ) when the field F is clear from the context. For f ∈ S(V ) and g ∈G,
we let f g denote the image of f under g. We study the algebra of invariant
polynomials
S(V )G = {f ∈ S(V ) | f g = f for all g ∈G}.
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This is a graded subalgebra of S(V ). It is finitely generated by a classical theorem
of E. Noether [1].
Let βF (G,V ) denote the smallest integer n such that S(V )G is generated as
an algebra by homogeneous polynomials of degree at most n. Let βF (G) denote
the supremum of βF (G,V ) over all finite dimensional representations V of G. In
another theorem E. Noether [2] provides an upper bound for βF (G) in terms of
the order |G| of G when the characteristic of F , denoted char F , is equal to zero.
Noether’s Theorem. If charF = 0, then βF (G) |G|.
Noether’s bound is best possible in general, since the invariants of the regular
representation of a cyclic group cannot be generated by polynomials of degree
less than |G|. In [3] B. Schmid proved that this bound is achieved only by cyclic
groups.
Schmid’s Theorem. If charF = 0, then βF (G)= |G| if and only if G is cyclic.
M. Domokos and P. Hegedu˝s [4] recently sharpened these results.
Domokos and Hegedu˝s’ Theorem. If charF = 0 and G is not cyclic, then
βF (G) 34 · |G| if |G| is even and βF (G) 58 · |G| if |G| is odd.
The question whether Noether’s bound holds in the non-modular case, that
is, when |G| is invertible in F has been open for a long time. Independently,
P. Fleischmann [5] and J. Fogarty [6] gave a positive answer.
Fleischmann’s and Fogarty’s Theorem. If |G| is invertible in F , then βF (G)
|G|.
We extend the Noether–Fleischmann–Fogarty bound, as sharpened by Schmid,
Domokos, and Hegedu˝s, to the non-modular case.
Theorem. If |G| is invertible in F , then the followings hold.
(1) βF (G)= |G| if G is cyclic.
(2) βF (G) 34 · |G| if G is not cyclic and |G| is even.
(3) βF (G) 58 · |G| if G is not cyclic and |G| is odd.
Since βF (Z2 × Z2) = 3 when char F = 2 and βF (Z3 × Z3) = 5 when
charF = 3, see Corollary 11, the bounds above are best possible in general.
On the other hand, the restriction on the order of G cannot be removed: if
charF divides |G|, then D. Richman [7] shows that βF (G)=∞.
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Overview of the proof. The strategy of the proof is due to Schmid [3]
and consists of the following major steps. The first two steps are reduction
results.
1. If H is a subgroup of G, then βF (G) βF (H) · [G :H ].
2. If H is a normal subgroup of G, then βF (G) βF (H) · βF (G/H).
Then comes a purely group theoretic statement.
3. If G is a group all of whose proper subquotients are cyclic, then G is
cyclic or G is isomorphic to a semi-direct product Zp  Zq with prime
numbers p,q .
The final four steps provide explicit bounds for the irreducible cases.
4. If G is cyclic, then βF (G)= |G|.
5. If G= Zp × Zp , then βF (G)= 2p− 1.
6. If G= Zp Z2 is not abelian with an odd prime p, then βF (G)= p+ 1.
7. If G= ZpZq is not abelian, with odd primes p and q , then βF (G) 58 ·pq .
If the assertions above are known to hold for some field F , then the conclusion
of the theorem is obtained by induction on the order of G, as follows.
The basis of induction for |G| = 1 is obvious, so one may assume |G| = n > 1
and the assertion holds for groups of order smaller than n. If G is cyclic, then
the theorem holds by Step 4. If G has a proper non-cyclic subgroup or factor
group, then from Steps 1 and 2 one obtains βF (G)  34 · |G| if n is even, and
βF (G)  58 · |G| otherwise. If all subgroups and factor groups of G are cyclic,
then by Step 3 it suffices to establish the bounds for the groups described in
Steps 5, 6, and 7. The inequality proved in each case implies the conclusion of
the theorem.
The case of characteristic zero. For char F = 0 Schmid obtains the statements
of the first six steps in [3, (3.2), (3.1), (3.4), (1.6), §8, (7.1)], respectively, and in
[3, §4] she proves the inequality βF (G) < |G| for the groups of Step 7. She then
deduces her theorem by the argument above.
Domokos and Hegedu˝s [4] prove that the groups in Step 7 actually satisfy
βF (G) 58 · |G| when charF = 0. This crucial improvement in the inductive step
in Schmid’s proof yields the sharper bound in Domokos and Hegedu˝s’ Theorem.
The computations for Steps 4, 5, 6 in [3] and Step 7 in [4] use a property of
the regular representation W in characteristic zero: βF (G,W) = βF (G). This is
deduced in [3, §6] from a theorem of Weyl. L. Smith [8] gives a proof that works
also when |G|< charF .
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The non-modular case. In Section 1 we establish the reduction results of
first two steps. We prove the assertion of Step 1 via some observations on
Fleischmann’s work in [5]. The assertion of Step 2 was known earlier due to
Fleischmann and Lempken [9, (3.1)].
It is not known whether the equality βF (G,W) = βF (G) always holds in
the non-modular case. In Section 2 we note it does for abelian groups. The
computations for Steps 4 and 5 then carry over from the case of characteristic
zero.
In Section 3 we prove the assertion of Step 6 for which the arguments used
in characteristic 0 do not carry over. On the other hand, we show that a slight
rearrangement of the argument for Step 7 in [4, (1.1)] enables one to avoid the use
of regular representations.
1. Reductions
Let H be a subgroup of G and assume
S(V )H = F [b1, . . . , bk],
where b1, . . . , bk are homogeneous invariants. Set n= [G :H ] and let
B = F [{xi,j }1in;1jk]
be the polynomial ring in n× k variables. The symmetric group Sn acts on B by
the formula (xi,j )γ = xγ−1(i),j for γ ∈ Sn.
Let G/H denote the set of right cosets {Hgi}1in of H in G. The group G
acts on G/H by right multiplication. We let γg ∈ Sn denote the permutation
induced by the action of G on G/H . The map G→ Sn given by g → γ−1g is
a homomorphism of groups and so defines a right action of G on B .
The Noether map is the homomorphism of F -algebras
σ :B→ S(V ) given by σ(xi,j )= bgij ;
it is G-equivariant. For every element f ∈ B , let o(f ) denote the orbit sum of f
under the action of Sn. The relative transfer is the map
TrGH : S(V )
H → S(V )G given by TrGH(f )=
∑
g¯∈G/H
f g where Hg = g¯.
When [G :H ] is invertible in F , the relative transfer is surjective.
For a positively graded algebra A, let Ai denote its elements of degree less
than i and A+ denote its elements of strictly positive degree.
We need the following lemma proved in [5, (2.1)].
Lemma 1. If m is an element in F [{x1,1, . . . , x1,k}]+ then o(m) ∈ (B+)Snn ·B .
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Now we are ready to prove the assertion in Step 1.
Proposition 2. If H is a subgroup of G with |G| ∈ F ∗, then
βF (G) βF (H) · [G :H ].
Proof. Set n = [G :H ] and d = sup{deg(bj )}1jk . Let w be an element of
strictly positive degree in S(V )G. Since [G :H ] is in F ∗, we have w = TrGH(y) for
some y ∈ S(V )H with y = f (b1, b2, . . . , bk). Set f = f (x11, x12, . . . , x1,k) ∈ B .
We then have σ(o(f )) = w. The previous lemma yields o(f ) ∈ (B+)Snn · B ,
hence
w = σ (o(f )) ∈ σ ((B+)Snn ·B)⊆ (S(V )G+)nd · S(V ).
This establishes an inclusion
S(V )G+ ⊆
(
S(V )G+
)
nd · S(V ).
Since |G| is in F ∗, applying TrG{1} to the inclusion above we obtain
S(V )G+ ⊆
(
S(V )G+
)
nd · S(V )G.
It follows that S(V )G is generated by elements of degree at most n · d , as
desired. ✷
Lemma 3. If H is a normal subgroup of G with [G :H ] invertible in F , then the
Noether map σ :B→ S(V ) induces a surjective homomorphism
σG :BG → S(V )G.
Proof. Since the subgroup H is normal, it acts trivially on B , hence there is an
induced action of G/H on B with BG/H = BG. We also have σ(B) = S(V )H
because H is normal. The induced map
BG = BG/H → (S(V )H )G/H = S(V )G
is then surjective because [G :H ] is in F ∗. ✷
The following proposition proved earlier in [9, (3.1)], implies the assertion of
Step 2.
Proposition 4. Let H be a normal subgroup of G. If [G :H ] is invertible in F ,
then
βF (G) βF (H) · βF (G/H).
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Proof. Since BG/H maps onto S(V )G by the preceding lemma, the result follows
by comparing the degrees of generators. ✷
We use the observations below in later computations.
Lemma 5. Let H be a normal subgroup of G with [G :H ] = n ∈ F ∗. Assume
further that G permutes the set {bj }1jk . The F -algebra S(V )G is then
generated by TrGH(v) where v ranges over products of at most n polynomials in
the set {bj }1jk .
Proof. By Lemma 3, we have σ(BG/H ) = S(V )G. By Fleischmann’s and
Fogarty’s Theorem, BG/H is generated by G-invariants of degree at most n, so
we have
BG/H = F [{TrGH(m) ∣∣m is a monomial of degree at most n}].
We obtain the desired result by applying the Noether map. ✷
Lemma 6. Let V be a representation of G. If F ⊆ F ′ is a field extension and
V ′ = V⊗FF ′ is the induced representation, then the following hold:
βF (G,V )= βF ′(G,V ′) and βF (G) βF ′(G).
If W is the regular representation of G over F , then βF (G,W) = βF ′(G,W ′),
where W ′ is the regular representation of G over F ′.
Proof. Set R = SF (V )G and notice that the F ′-algebra R′ = R⊗F F ′ is
isomorphic to SF ′(V ′)G. This yields an isomorphism of graded vector spaces
(R+⊗RF)⊗F F ′ ∼=R′+⊗R′F ′.
By Nakayama’s lemma the degrees of the Hilbert series of R+⊗RF and
R′+⊗R′F are equal to βF (G,V ) and βF ′(G,V ′), respectively. The desired
equality follows, and implies the desired inequality. The last assertion follows
from the isomorphism W ′ ∼=W⊗F F ′ of representations over F ′. ✷
Lemma 7. If V is a representation of the group G with |G| ∈ F ∗ and V ′ is a
subrepresentation of V , then βF (G,V ) βF (G,V ′).
Proof. Since |G| is invertible in F , there is a G-equivariant projection V → V ′.
It induces a surjective G-equivariant algebra homomorphism of S(V ) onto S(V ′).
This also induces a surjective homomorphism S(V )G → S(V ′)G again because
|G| ∈ F ∗. The result follows by comparing the degrees of generators. ✷
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2. Abelian groups
Let G be a finite abelian group. For gi ∈ G with gi = 0 we call g1 + g2 +
· · ·+ gs = 0 a non-shortenable equation if there is no subset ∅ = {i1, i2, . . . , ir}
{1, . . . , s} such that gi1 + gi2 + · · ·+ gir = 0. We call s the length of this equation.
Let s(G) denote the length of the longest non-shortenable equation in G.
We prove a result from the folklore of invariant theory, cf., e.g., [3, §2].
Proposition 8. If G is an abelian group with |G| ∈ F ∗, then
βF (G)= s(G)= βF (G,W),
where W is the regular representation of G.
Moreover, if F is algebraically closed and V is a representation of G, the
algebra S(V )G is generated by monomials.
Proof. By Lemma 6 we can assume that F is algebraically closed. Let χF (G)
denote the character group of G, whose elements are the group homomorphisms
χ :G→ F ∗. Every representation of G over F is diagonalizable, so V has a basis
x1, . . . , xn such that xgi = χi(g) · xi for all g ∈ G with χ1, . . . , χn ∈ χF (G). It
follows that S(V )G is generated linearly by monomials xr11 · · ·xrnn with r1χ1 +· · · + rnχn = 0. A monomial is called indecomposable if it cannot be written as
a product of invariant monomials of strictly smaller degree. This means that the
equation r1χ1 + · · · + rnχn = 0 is non-shortenable. Clearly, the indecomposable
invariant monomials xr11 · · ·xrnn form a minimal generating set for S(V )G, hence
βF (G,V )= s(X), where X is the subgroup of χF (G) generated by {χ1, . . . , χn}.
Since all characters appear in the regular representation W , it follows that
βF (G,W) = s(χF (G)) = βF (G). Finally, because χF (G) is isomorphic to G,
we have s(χF (G))= s(G). ✷
We need the following lemma proved in [3, (2.1)].
Lemma 9. Let G be an abelian group. There is an inequality s(G)  |G|, and
s(G)= |G| if and only if G is cyclic. Moreover, if G is cyclic and g1 + g2 + · · ·+
gs = 0 is a non-shortenable equation in G with s = |G|, then gi = g for all i ,
where g is a generator of G.
From Lemma 9 and Proposition 8 we obtain the assertion of Step 4.
Corollary 10. If G is cyclic and |G| ∈ F ∗, then βF (G)= |G|.
It is shown in [10, Theorem 1] that s(G) = 2p − 1 for G = Zp × Zp , so we
obtain the assertion of Step 5.
Corollary 11. If G= Zp × Zp with |G| ∈ F ∗, then βF (G)= 2p− 1.
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3. Semi-direct products of cyclic groups
Let p and q be prime numbers. A non-abelian semi-direct product G =
Zp Zq exists if and only if q divides p − 1. When this condition is satisfied p
is odd and
Zp Zq ∼=
〈
a, b | ap = bq = 1, bab−1 = ar 〉,
where r is a primitive q th root of unity modulo p. We set c= p−1
q
.
Assume that F is algebraically closed and choose a primitive q th root of
unity ξ ∈ F and primitive pth roots of unity ζ1, . . . , ζc ∈ F such that ζ rj1i1 = ζ r
j2
i2
with 1  i1, i2  c and 1  j1, j2  q if and only if i1 = i2 and j1 = j2. The
group G has the following isomorphism classes of irreducible representations
over an algebraically closed field F of characteristic relatively prime to the order
of G.
• q representations Uh with basis {xh} such that
xah = xh and xbh = ξhxh for 1 h q.
• c representations Vi with basis {yi,1, . . . , yi,q} such that
yai,j = ζ r
j−1
i yi,j and
ybi,j =
{
yi,j+1 if 1 j  q − 1
ybi,q = yi,1 if j = q for 1 i  c.
A good reference for the facts presented above is [11, §47].
Since we are in the non-modular case, every representation V of G decom-
poses as a direct sum of representations isomorphic to those described above.
Groups of even order. The irreducible representations of the dihedral group
G= Zp Z2 are described above. We have the following specializations:
r =−1 ∈ Z, ξ =−1 ∈ F, ζi = ζ i for 1 i  c,
where ζ is a primitive pth root of unity. To simplify notation we set yi = yi,1 and
zi = yi,2 for all 1 i  c. We choose an F -basis of V of the form
X1 unionsqX2 unionsq
c⊔
i=1
Yi unionsq
c⊔
i=1
Zi,
where
Xh = {xh,l | l = 1, . . . , rh} for 1 h 2;
Yi = {yi,n | n= 1, . . . , si} for 1 i  c;
Zi = {zi,n | n= 1, . . . , si} for 1 i  c.
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Here rh and si denotes the multiplicity of each isomorphism class in V . Note that
for a fixed n the set {yi,n, zi,n} spans a copy of Vi . For each monomial
v =
∏
h,l
x
αh,l
h,l
∏
i,n
y
βi,n
i,n
∏
i,n
z
γi,n
i,n ,
we define degrees
δiy(v)=
si∑
n=1
βi,n and δiz(v)=
si∑
n=1
γi,n for 1 i  c.
We need the following statement about cyclic groups proved in [3, (7.7)].
Lemma 12. If t  p+ 1 and a1, . . . , at is a sequence of non-zero elements in Zp ,
then there exist n1, n2 ∈ {1, . . . , t} with n1 = n2, and a subset
{i1, . . . , ir} ⊆ {1, . . . , t}\{n1, n2}
such that
an1 = an2 and an1 + ai1 + · · · + air ≡ 0 (modp).
Proposition 13. If G is the dihedral group ZpZ2 and charF is different from p
and 2, then βF (G)= p+ 1.
Proof. We first prove that βF (G) p + 1. By Lemma 6 we may assume that F
is algebraically closed. Lemma 5 and Proposition 8 show that the algebra S(V )G
is generated by v + vb , where v is a product of at most two indecomposable
a-invariant monomials. We show that if deg(v)  p + 2, then v + vb can be
expressed by invariants of strictly smaller degree.
Every a-invariant monomial of degree strictly greater than p is decomposable
as a product of two a-invariant monomials of smaller degree by Corollary 10, so
we may assume that v contains no variables from X1 unionsq X2. The assumption on
the degree of v also implies that either δiy(v)  2 or δiz(v)  2 for some i with
1  i  c. Clearly, we may assume that yi,n1 , yi,n2 are two different variables
appearing in v. By the preceding lemma there exist a-invariant monomials u1, u2
such that
v = u1 · u2, u1 = yi,n1 ·w1, u2 = yi,n2 ·w2
for some monomials w1, w2. We decompose v + vb as follows:
v + vb = u1 · u2 + (u1 · u2)b
= (u1 + (u1)b)(u2 + (u2)b)− (u1 · (u2)b + (u1 · (u2)b)b).
The first summand is a product of G-invariants of degrees strictly smaller
than the degree of v. Note that u1 · (u2)b contains the a-invariant yi1,n1 · zi1,n2
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of degree two. If u1 · (u2)b has degree at least p+ 3, we conclude from Lemma 9
that it can be written as a product at least three a-invariant monomials, so
v+ vb can be eliminated from the generating system, as desired. This establishes
βF (G) p+ 2.
Now let v be an a-invariant of degree p+2. This time, the monomial u1 · (u2)b
does not necessarily contain three a-invariant monomials but it does contain an
a-invariant monomial of degree two. Without loss of generality we may assume
v = u1 · u2, where u1 is an a-invariant of degree two and u2 is an a-invariant of
degree p. By Lemma 9 we may assume δiy(u2)= p for some i . Set
u1 = yi1,n1 · zi1,n2 and u2 = yi2,n3 · yi2,n4 · · ·yi2,np+2 .
First assume i1 = i2. In this case all variables in v come from possibly different
copies of the same irreducible representation. Changing notation we may assume
i1 = i2 = 1 and take u1 = y1,1 · z1,2 and u2 = y1,3 · y1,4 · · ·y1,p+2. The equality
v+ vb = 1
2
[
(y1,1 · z1,2 + z1,1 · y1,2)(y1,3 · y1,4 · · ·y1,p+2
+ z1,3 · z1,4 · · ·z1,p+2)
− (z1,1 · y1,p+2 + y1,1 · z1,p+2)(y1,2 · y1,3 · · ·y1,p+1
+ z1,2 · z1,3 · · ·z1,p+1)
+ (z1,2 · y1,p+2 + y1,2 · z1,p+2)(y1,1 · y1,3 · · ·y1,p+1
+ z1,1 · z1,3 · · ·z1,p+1)
]
shows that v + vb can be eliminated from the generating set.
Assume next i1 = i2. This implies p > 3 because Z3  Z2 has only one
isomorphism class of representations of dimension two. Changing notation, we
can write
u1 = y1,1 · z1,2 and u2 = y2,1 · y2,2 . . . y2,p.
By Lemma 12, there exist monomials w1 and w2 such that v = (y2,1 ·w1)(y2,2 ·
w2) and both y2,1 ·w1 and y2,2 · w2 are a-invariant. Each of w1, w2 contains at
least one variable from {y2,i | 3  i  p}, hence (y2,1 · w1)(y2,2 · w2)b contains
at least two a-invariant monomials of degree two. From degree considerations we
conclude that (y2,1 ·w1)(y2,2 ·w2)b contains at least three a-invariant monomials.
Thus,
(y2,1 ·w1)(y2,2 ·w2)b +
(
(y2,1 ·w1)(y2,2 ·w2)b
)b
can be eliminated from the generating set. This implies the element v + vb
can be eliminated from the generating set, as desired. We have now proved
βF (G) p+ 1.
To obtain equality, by Lemma 6 it is enough to show βF (G,W) 
p + 1, where W is the regular representation of G over an algebraically closed
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field F . It contains a three-dimensional subrepresentation V of G with basis
{x2,1, y1,1, z1,1}. The polynomial x2,1(yp1,1 − zp1,1) is an indecomposable invariant
in S(V ), hence βF (G,V ) p+1. From Lemma 7 we obtain βF (G,W) p+1,
as desired. ✷
Groups of odd order. If q is odd we collect the q-dimensional irreducible
representations of G into k = (p − 1)/(2q) pairs. For 1  i  k and 1  j  q ,
let zi,j denote the basis element yi′,j ′ in the representation such that zai,j =
ζ−r
j
i zi,j . Accordingly, we choose an F -basis of V of the form⊔
h
Xh unionsq
⊔
i,j
Yi,j unionsq
⊔
i,j
Zi,j ,
where
Xh = {xh,l | l = 1, . . . , rh} for 1 h q;
Yi,j = {yi,m,j |m= 1, . . . , si} for 1 i  k, 1 j  q;
Zi,j = {zi,n,j | n= 1, . . . , ti} for 1 i  k, 1 j  q.
Here rh, si , ti denotes the multiplicity of each isomorphism class in V .
Proposition 14. Let p, q be odd primes with q dividing p − 1, and let G =
Zp  Zq , the non-abelian semi-direct product of the cyclic groups of order p
and q . If charF is different from p and q , then βF (G) 58 · pq .
When F has characteristic zero the proposition is proved in [4, (1.2)]. As noted
in the introduction, in this case it suffices to prove βF (G,W) 58 · pq , where W
is the regular representation of G. In the regular representation one has rh = 1 for
1  h  q and si = ti = q for 1  i  k, but these specific values are not used
in the proof. An inspection of the argument in [4] shows that it applies word for
word in the non-modular case with the arbitrary values for rh for 1  h q and
for si and ti for 1 i  k. The reader is referred to [4, (1.2)] for details.
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